Abstract. Diffusive shock acceleration (DSA) by relativistic shocks is thought to generate the dN/dE ∝ E −p spectra of charged particles in various astronomical relativistic flows. We show that for test particles in one dimension (1D),
Introduction
Diffusive (Fermi) shock acceleration (DSA) is believed to be the mechanism responsible for the production of non-thermal, high-energy distributions of charged particles in collisionless shocks found in diverse astronomical systems (for reviews, see Refs. [1] [2] [3] ). Particle acceleration is identified in both non-relativistic and relativistic shocks, examples of the latter including shocks in gamma-ray bursts [GRBs; e.g., 4], pulsar wind nebulae, active galactic nuclei, X-ray binaries [e.g., 5], and type Ibc supernovae (for a review, see Ref. [6] ). For recent reviews of DSA in relativistic shocks, see Refs. [7, 8] .
Collisionless shocks in general, and their particle acceleration in particular, are mediated by electromagnetic waves, and are still not generally understood from first principles. No present analysis self-consistently calculates the long-term generation of waves and the waveplasma interactions. The particle distribution f is often evolved by adopting some ansatz for the scattering mechanism (e.g., isotropic diffusion in velocity angle) and neglecting wave generation and shock modification by the accelerated particles, in the so-called test-particle approximation. This phenomenological approach proved successful in accounting for nonrelativistic shock observations. For such shocks, DSA predicts a power-law energy spectrum, df /dE ∝ E −p , where p ≃ (r + 2)/(r − 1) is a function of the shock compression ratio r [9] [10] [11] [12] . For strong shocks in an ideal gas of adiabatic index Γ = 5/3, this gives p = 2, in agreement with observations. Analyses of GRB afterglow observations suggested that the ultra-relativistic shocks involved produce high-energy distributions with p = 2.2 ± 0.2 [13, 14] . A similar, p ≃ 2.2 spectrum is inferred in other astronomical systems, for example the injection of particles radiating above the UV in the Crab nebula [15] . Such evidence triggered several studies of test-particle DSA in relativistic shocks, with p calculated for a wide range of γ, various equations of state, and several scattering mechanisms.
DSA analysis is more complicated when the shock is relativistic, mainly because f becomes anisotropic. Most studies of the problem have thus used Monte-Carlo simulations and various other numerical techniques [e.g., [16] [17] [18] [19] [20] [21] . For isotropic, small-angle scattering in the ultra-relativistic shock limit, where upstream (downstream) fluid velocities normalized to the speed of light c approach β u ≃ 1 (β d ≃ 1/3), spectral indices p = 2.22 ± 0.02 were indeed found [17] [18] [19] 22 ]. An approximate expression for the spectrum [23] ,
was shown to agree with numerical results for different equations of state and for a wide range of shock parameters; in particular, it yields p = 20/9 ≃ 2.22 in the ultra-relativistic limit. However, the spectrum was found to be sensitive to the angular dependence of the diffusion function, especially in the downstream and at certain angles [24] , and it is unclear if the isotropic small-angle scattering assumption behind Eq. (1.1) and most numerical studies is justified. Ab-initio particle in cell (PIC) simulations have successfully demonstrated the onset of particle acceleration [25] [26] [27] and the tightly coupled process of magnetic structure growth [28, 29] . However, computational limitations prevent such simulations from resolving the three-dimensional (3D) structure of the shock with evolved electromagnetic modes and saturated non-thermal particle distributions, so the steady-state diffusion function remains poorly constrained. Such studies rely mostly on 2D (spatially; with two or three momentum dimensions), and in some cases even on 1D [e.g., [30] [31] [32] simulations, in order to boost the dynamical range; this is useful for studying those effects which are not inherently 3D.
The Fermi acceleration process itself has been studied in 1D previously, but mainly in the Fermi-Ulam model [e.g., [33] [34] [35] , and in non-relativistic shocks [36] , usually with more than one dimension in momentum space. Here we study DSA for an arbitrary relativistic shock in an effective 1D model; the three-dimensional particle diffusion is thus represented by 1D particle scattering. This has two main advantages over studies in higher dimensions: (i) the results are analytically tractable; and (ii) there is no need for an unjustified diffusion ansatz. The results are qualitatively similar to those of higher dimensions, shedding light on the qualitative behavior of the latter, and possibly constraining their ultra-relativistic limit. In addition, our analysis is directly applicable to one dimensional simulations, and is useful as a rigorous pedagogical exercise and for code verification.
The structure of the paper is as follows. We begin by introducing the shock jump conditions, which determine the accelerated particle spectrum, and in particular those arising from a 1D Jüttner-Synge equation of state, in §2. The DSA problem in 1D is set up in §3, and solved in the non-relativistic limit in §4. The spectrum of particles accelerated in an arbitrary relativistic shock is derived in §5, and studied in the ultra-relativistic limit in §6. Drifts, known [e.g., 37] to significantly affect the spectrum, are incorporated in §7. The results are summarized and discussed in §8.
Relativistic shock jump conditions
The shock jump conditions depend on the assumed equation of state, which we write for convenience in the form P = (Γ−1)(ǫ−ρc 2 ). Here, P , ǫ, and ρ are the proper pressure, energy density, and rest-mass density, respectively, Γ is the adiabatic index, and c is the speed of light. We derive Γ and the jump conditions for the standard, Jüttner-Synge equation of state, below. But first, we estimate the jump conditions for strong shocks in the non-relativistic and ultra-relativistic limits.
In a non-relativistic gas, Γ ≃ 1 + 2N −1 dof , where N dof is the number of particle degrees of freedom. The velocity drop factor at the shock is therefore [e.g., 38]
where we took the strong shock limit. Here and below, we neglect the back-reaction of the accelerated particles on the adiabatic index, working in the test particle approximation.
In an ultra-relativistic gas,
again taking the strong shock limit. For a mono-atomic gas, N dof = N , where N is the number of spatial dimensions. In particular, for an ultra-relativistic shock in a mono-atomic gas in 1D, r → N dof = N = 1, indicating no compression or velocity drop across the shock in this limit. Hence, while the asymptotic behavior can be studied, this limit cannot be realized as the shock becomes ill defined. Equation (2.1) uniquely determines the spectral index p of test particles accelerated by a non-relativistic strong shock. Similarly, Eq. (2.2) uniquely determines p for test particles accelerated by a strong shock in the ultra-relativistic limit, but only in 2D and in 3D, and only if the angular diffusion function is specified. As we show below, this is not the case in a mono-atomic 1D gas. Here, there is no need to specify the diffusion function, but the precise deviation from the r → N = 1 limit strongly influences the spectrum. We must therefore specify the equation of state and derive the corresponding shock jump conditions.
In the Jüttner-Synge equation of state [39, 40] , the adiabatic index Γ smoothly interpolates between 1+2N −1 dof in the non-relativistic limit, and 1+N −1 dof in the ultra-relativistic limit. The same arguments made in the 3D case indicate that in 1D, the specific enthalpy is given by w/ρc 2 = K 2 (ζ)/K 1 (ζ), where K n (ζ) are the modified Bessel functions of the first kind (McDonald functions) of order n, ζ ≡ mc 2 /k B T is the dimensionless inverse temperature, T is the temperature, k B is the Boltzmann constant, and m is the particle mass. The adiabatic index is then given by
in agreement with the non-relativistic and ultra-relativistic limits in Eqs. (2.1) and (2.2). The shock jump conditions may be derived in the same method as in the 3D case [e.g., 41]. In a strong shock, the downstream adiabatic index becomes
is the normalized relative velocity of the upstream with respect to the downstream. The Taub adiabat in the strong shock limit can be written as
For a given shock Lorentz factor γ u , Eqs. (2.4-2.5) can be solved simultaneously for γ r and ζ d . Given this γ r , one may now relate β d to β u .
DSA set up
Consider an infinite, planar shock front in 3D, located at shock-frame coordinate z = 0, with flow in the positive z direction. Relativistic particles with energy E much higher than any characteristic energy in the problem are assumed to diffuse in their direction of motion. This direction is parameterized by the fluid frame µ ≡ cos(θ), where θ is the polar angle measured between the velocity vector and the positive z axis. Anticipating the reduction of 3D diffusion to 1D scattering, we use the transport, scattering-convection equation in the form [e.g., 20]
where R(n 1 →n 2 ) is the fluid-frame rate of collisions that scatter particles from directionn 1 ton 2 . We assume, as is customary, that R is separable in the form R = R a (z, E)R b (n 1 ,n 2 ). Equation (3.1) holds separately in the upstream and in the downstream; we write the upstream/downstream indices u/d only when necessary. Consider first a constant R a ; the general form is addressed in §5. In 1D, particles propagate only in one out of two directions: either toward the downstream, µ = +1, which we label as the + direction, or toward the upstream, µ = −1, which we label as the − direction. Diffusion in the direction of motion thus reduces to scattering between these two directions. It is customary to invoke a symmetry between the scattering probabilities, R(− → +) = R(+ → −), as an expression of detailed balance [21, and references therein]. We refer to the case of symmetric scattering as (pure) diffusion, and designate any asymmetry between R(− → +) and R(+ → −) as a drift.
In the 1D case, the angular distribution thus becomes simple, and the spectrum of the accelerated particles turns out to be independent of the details of their diffusion or scattering. The absence of a characteristic energy scale implies that a power-law spectrum emerges, as verified numerically [17, 19] . We may therefore write the distribution function as
The spectral index p may be derived by solving Eq. (3.1) under the following boundary conditions. Continuity of the accelerated particles across the shock front requires that f u± (z = 0)E
, where upstream and downstream quantities are related by a Lorentz boost of velocity cβ r . The absence of accelerated particles reaching far upstream requires that f u (z → −∞) = 0. The angular diffusion of such particles as they are carried far downstream implies that they eventually isotropize,
Non-relativistic limit
There are simpler ways to derive the spectrum of particles accelerated by the shock in the non-relativistic limit, in the present case in 1D. Consider for example a relativistic particle after i cycles of crossing the shock back and forth, with Lorentz factor γ i ≫ 1 in the upstream frame, S u . The particle crosses the shock towards the downstream and is then reflected back to the upstream due to elastic collisions in the downstream frame, S d , with some scatterers comoving with the downstream medium. The balance between the fractional energy gain g of the particle in such a cycle, and its probability P e to escape downstream, fixes the spectrum, as shown in the 3D case by Ref. [11] .
After it crosses the shock into the downstream, in S d the particle has γ ′ i = γ r γ i (1 + β r β i ) ≃ γ i (1 + β r ), where we used β r γ r ≪ 1 and β i γ i ≫ 1. Upon returning to the upstream, the particle has an upstream frame γ i+1 = γ 2 r γ i (1 + 2β r β i + β 2 r ) ≃ γ i (1 + 2β r ), so the fractional energy gain is g ≡ (γ i+1 /γ i ) − 1 ≃ 2β r . As in higher dimensions, the downstream distribution f d is expected to be approximately homogeneous and isotropic in S d . The flux of particles crossing towards the downstream is then f d c/2, whereas the flux of particles escaping far downstream is f d β d c. The ratio between these two fluxes gives the escape probability, P e ≃ 2β d .
Combining these estimates now yields the spectral index of the accelerated particles,
For a non-relativistic, mono-atomic gas in 1D, Γ ≃ 3, and so β u ≃ 2β d , giving the well known, flat, p ≃ 2 spectrum also found in higher dimensions.
Arbitrary 1D relativistic shock
Next, consider an arbitrary relativistic shock. The two components f ± of f are coupled by particle scattering, of fluid-frame rate R, according to a 1D version of Eq. (3.1),
In the absence of drifts, which are incorporated in §7, the scattering rate is symmetric, R ≡ R(− → +) = R(+ → −). The precise value of this rate, and its spatial and energetic dependencies, are inconsequential for the spectral analysis, as we may absorb them in the definition of a new spatial coordinate, τ ≡ z R a dz ′ /(γc). This yields two simple, coupled equations, which may be compactly written as
The general solution to these two coupled equations is
valid on each side of the shock with different constants C 1 and C 2 , to be determined by the boundary conditions. In the far downstream, the finiteness of f d requires that C d2 = 0; the solution throughout the downstream thus becomes homogeneous and isotropic, f d+ = f d− = C d1 . In the far upstream, no accelerated particles are assumed to be present, so the f u± (τ → −∞) = 0 boundary condition implies that C u1 = 0. The particle anisotropy level in the upstream is thus spatially uniform, and given by
Hence, the upstream distribution even near the shock is dominated by particles moving toward the upstream, away from the shock. As one approaches the ultra-relativistic limit, β u → 1, the fraction of upstream particles moving toward the downstream becomes exceedingly small. We may now match the upstream and downstream solutions at the shock, τ = 0, taking into account the Lorentz boost between the upstream and downstream frames, such that
Matching the two components yields two constraints, C u2 /(1 ± β u ) = C d1 γ −p r (1 ± β r ) −p . Solving for p finally yields the spectral index,
This result is shown in Figure 1 , where it is compared to the spectra derived in 2D and in 3D under the isotropic diffusion ansatz. Notice that Eq. (5.6) reduces to Eq. (4.1) in the non-relativistic limit.
Ultra-relativistic limit
In the ultra-relativistic limit in 1D, the compression ratio r = β u /β d asymptotes to unity. Directly introducing this limit into Eq. (5.6) leads to a divergence, and so is insufficient for determining the ultra-relativistic limit of the spectrum, p(γ u → ∞). Therefore, unlike the 2D and 3D cases, in 1D we must specify the equation of state, and thus also the deviation from the limiting value r(γ u → ∞), in order to derive the asymptotic spectrum. This is illustrated in Figure 1 by showing the spectrum for two 1D equations of state, that have the same limiting Γ behavior but approach the asymptotic ultra-relativistic limit differently.
Consider the spectrum for the Jüttner-Synge equation of state, shown in the figure as solid curves. Remarkably, after the spectrum hardens gradually down to p(γ u ≃ 57.6) ≃ 1.77, it turns around and softens back, until converging logarithmically in the ultra-relativistic limit onto the exact same p → 2 value as in the non-relativistic case. Such spectral hardening followed by softening is found for other equations of state that interpolate between the nonrelativistic and ultra-relativistic limits, as illustrated in the figure by the dotted curve, but the limiting spectrum is in general not flat (p = 2).
Consider the Jüttner-Synge equation of state in the ultra-relativistic limit. Downstream of the shock, the high temperature implies that ζ → 0. Solving Eq. (2.4) to leading order in ζ yields γ r = ζ −1 − z ln ζ + O(z), diverging in the ultra-relativistic limit in spite of r → 1. This implies that Γ d ≃ 2 + (γ r − 1) −1 , reproducing the anticipated Γ d (γ r → ∞) = 2 of Eq. (2.2). Expanding Eq. (2.5) in the ultra-relativistic limit now yields β u = 1 + ζ 4 ln(ζ)/4 + O(ζ 4 ) and
. These may be combined to give the approximate velocity jump at the ultra-relativistic shock limit,
where W k (ξ) is the k-branch of the Lambert W (product log) function. The spectrum Eq. (5.6) with the approximation Eq. (6.1) is shown in Figure 1 as a thin purple curve. Using the approximation in the second line of Eq. (6.1), the spectrum in the ultra-relativistic limit becomes approximately
which indeed asymptotes to p(β u → 1) = 2.
Drifts
Incorporating drifts into the above analysis can be accomplished by allowing for an asymmetric scattering rate, R ≡ R(− → +) = R(+ → −). Accordingly generalizing Eq. (5.2) now yields
where the deviation of q ≡ R(+ → −)/R(− → +) from unity measures the excess drift in the downstream-to-upstream direction. We may solve these equations analytically if q can be approximated as constant on each side of the shock. Here, repeating the above considerations leads to the spectrum
This result, demonstrated in Figure 2 , is valid only if q < (1 + β)/(1 − β) both upstream and downstream, corresponding to a drift which does not strongly push particles toward the upstream. Otherwise, the upstream boundary condition cannot be satisfied, or the downstream distribution becomes under-determined. Note that in the ultra-relativistic limit, drifts do not affect the spectrum, i.e. q d can be taken here to unity in Eq. (7.2). The spectrum in Eq. (7.2) is a function of q d , but is independent of q u (formally, this is true only as long as q u is a constant, as assumed above). The anisotropy f u+ /f u− in the upstream is unaffected by either upstream or downstream drifts, and so is still given by Eq. (5.4) . The downstream anisotropy, however, depends linearly on the downstream drift, and is now given by f d+ /f d− = 1/q d . Equation (7.2) reduces in the non-relativistic, weak drift limit to p ≃ (β u −ξ/2)/(β u −β d ), where ξ ≡ q d − 1 is the downstream drift parameter, here assumed to be small, |ξ| ≪ 1. This result can be obtained directly from the non-relativistic derivation in §4 by generalizing the escape probability to P e ≃ 2(β d − ξ/2), as the drift velocity toward the upstream approaches ξc/2 far downstream. 
Summary and discussion
We derived in Eq. (5.6) the spectrum of the high-energy tail of relativistic test-particles, accelerated by an arbitrary relativistic shock in 1D. The spectrum, shown in Figure 1 , is independent of assumptions on the diffusion function, unlike in the 2D and 3D cases. It reduces to Eq. (4.1) in the non-relativistic limit, where it yields the familiar flat, p(β u → 0) = 2 spectrum. It remains sensitive to the equation of state even in the ultra-relativistic limit, unlike the results in 2D and in 3D, which appear to converge on values independent of the equation of state under the isotropic diffusion ansatz.
The shock jump conditions for the Jüttner-Synge equation of state, derived for a strong 1D shock in Eqs. (2.4) and (2.5), yield a spectrum which initially hardens with increasing shock Lorentz factor γ u to p(γ u ≃ 57.6) ≃ 1.77, but softens back for faster shocks. In the ultra-relativistic limit, where the jump conditions and the spectrum are approximated by Eqs. (6.1) and (6.2), the spectral index logarithmically asymptotes back to the same flat, p(γ u → ∞) = 2 value of the non-relativistic case.
Interestingly, some spectral hardening with increasing γ u in the trans-relativistic range was found for a Jüttner-Synge equation of state also in 3D [18, and Arad et al., in prep.] , and possibly also in 2D (Lavi et al., in prep.). However, in 2D and in 3D this is a weak, barely noticeable effect.
A strong drift toward the upstream would invalidate our analysis, as it can prevent particles from reaching far downstream, or carry them far upstream. Weak drifts in the upstream have no effect on the 1D spectrum. The consequences of weak drifts in the downstream are incorporate in Eq. (7.2), and illustrated in Figure 2 . In general, a downstream drift towards the upstream (downstream) hardens (softens) the spectrum, because it introduces a downstream anisotropy toward the upstream (downstream) and thus lowers (raises) the escape probability. This effect gradually diminishes with increasing γ u , and vanishes altogether in the ultra-relativistic limit.
Test-particle analyses such as presented here do not include non-linear effects caused by the modification of the shock by the accelerated particles themselves, and ignore the injection problem by assuming a pre-existing population of particles that can freely traverse the shock. Another subtlety is that in such analyses, the velocities β u and β d in the expressions for the spectrum actually pertain to the scattering modes, i.e. to the frames in which the particles scatter elastically. A relative motion between the scattering modes and the fluid, as expected for example in the shock precursor, would accordingly modify the results.
Our analysis provides a rigorous framework to study, at least qualitatively, various effects that are not inherently high dimensional, such as the dependence of the particle distribution upon γ u , the role of the equation of state, and the effect of drifts. For example, the anisotropy of the particle distribution near the shock, given by Eq. (5.4), provides a 1D analog of the anisotropic distribution found [e.g., 18] in 3D.
The emergence of the flat, p = 2 spectrum, not only in the non-relativistic case, but also in the ultra-relativistic 1D limit, is intriguing. A flat spectrum, for which the energy in the accelerated particles diverges logarithmically, may serve as an attractor in the ultra-relativistic limit for any dimension. Such a spectrum was indeed argued in this limit by assuming a microscopically self-similar plasma distribution [42] . Thus, is it possible that in higher dimensions, the diffusion function adjusts itself in order to maintain a flat, p(γ u → ∞) = 2 spectrum?
